Introduction
Percolation theory studies random networks and their nature of connectivity 1 . Practical aspects of percolation theory examine how random, naturally occurring, networks are connected, and how mass can move across or through that network. For example, cellular membranes made up of a lipid bilayer, and understanding the connection and diffusion of individual phospholipids will reveal how medical drugs can permeate through the cell membrane 2 . Studying electron mobility across a percolating sheet can reveal the electrical and thermal conductivity of an electronic device, such as semiconductors 3 . One quantity of interest in these types of studies is the percolation threshold p c . Envision a compressed cube of particles, blocking off a source of water. One particle is randomly removed at a time, percolating the cube. This is continued until a network forms in the cube with which the water can freely flow across the entire cube. The percolation threshold is the percent of the cube that remains when water can first flow across the entire cube.
Previously, the relationship of an ellipses aspect ratio to the percolation threshold has been established both experimentally and theoretically as p c = e −πabnc , where n is the hole density per unit area at the percolation threshold, b is the length of the ellipse minor axis, and a is the length of the ellipse major axis 4,5 . The aspect ratio is then defined as b/a. These previous studies examined the flow of electrons across a conductive sheet to understand the relationship between percolation threshold and ellipse or rectangle aspect ratio 5, 6 . In this study, we investigate the relationship between the percolation threshold and aspect ratio of triangular pores.
The aspect ratio of triangles is defined differently than the aspect ratio for an ellipse. In our previous studies, we defined an ellipse aspect ratio of 1 as a circle. For triangles, we defined an aspect ratio of 1 as an equilateral triangle. The aspect ratio for triangles R T , given a base b and height h is
which differs from the aspect ratio for both rectangles and ellipses.
Methods

Experimental Approach
A MATLAB program is utilized to generate a randomly distributed network of pores across a predefined square, and exports this network to an AutoCAD script file. These pores are then cut into a sheet of aluminum coated Mylar film using a Universal Laser System X2-600 100 Watt CO 2 laser, and current is continuously measured across the sheet as the cuts are made. The amount of current flowing across the sheet is then correlated to remaining sheet area to determine the percolation threshold, defined as the point when the current across the sheet first becomes zero.
MATLAB Algorithm
As percolation theory is interested in randomly distributed networks, the benefit of the MATLAB algorithm is it allows a network of pores to be generated in a pseudorandom fashion, whereas cutting a porous network by hand cannot be classified as random or pseudo-random. The MATLAB algorithm distributes the pores across a rectangular percolation area, which is defined by width W and height H. Within this rectangle, triangles with a defined aspect ratio, given by formula 1, are generated 5 . Using the area of a triangle, A = bh 2 , the base and height of the triangular pores can be determined to give a desired aspect ratio as follows:
The vector depicting the vertices of the oriented triangle are centered around uniformly distributed pseudorandom x and y coordinates. This vector is then put through a rotation matrix with a pseudo-randomly generated angle. Next, the triangles are drawn within the defined percolation area. If the triangle does not intersect the edges of the percolation area, it is simply drawn. However, if an intersection exists, the triangle must be drawn as a polygon Q including the edges of the percolation area. The intersection points are determined with knowledge of the two triangle vertices they are between. The first intersection point is added to a vector that defines the polygon Qs coordinates. Next, the vertex surrounding the first intersection that is inside the box is added. If two points are in the box, then the second point within the box is added. Finally the second intersection point is added. If the triangle is on a corner of the box, the corner point is added at the end. This process is outlined graphically in Figure 1 .
As each triangle is drawn, the loss of area is calculated. Once the area in the percolation sheet is reduced by at least 0.5 percent, a strip of equivalent area is removed from a second rectangle on the Mylar film. Both rectangular areas, where the pores are cut and where the equivalent area is removed, have the same dimensions, and the current across both is measured simultaneously and individually. This allows the current across the percolation area, where the pores are cut, to be directly correlated to area loss. The loss of area is determined within the MATLAB algorithm using a matrix of nodes, where the number of nodes covered by a randomly distributed triangle is converted to area loss. The matrix of nodes is further used to label clusters; when one cluster contains a node from each edge of the percolation area, the theoretical percolation threshold is met.
FIG. 1:
Flowchart showing how the triangles are defined in the percolation area. If the triangle does not intersect the edges of the percolation area, it is simply drawn. Otherwise, the algorithm fits the triangle into the percolation area by determining the number and locations of intersection points.
Experimental Setup
The Mylar film is affixed onto an aluminum baseplate, which is sandblasted to remove its inherently reflective surface and protect the laser and its lenses from damage. Nylon screws are utilized to prevent a short circuit from the sample to the aluminum base. Atop the aluminum base, two adhesive strips of double-sided masking tape are placed between the screw rows. To this, paper is attached to further protect the aluminum base from laser damage, so that it may be reused. After two layers of standard printing paper, a conductive sheet of aluminum coated Mylar film is attached. This conductive sheet is previously adhered to a strip of the double-sided masking tape carefully such that few surface imperfections exist. These green lines are also utilized to guide the laser to trim the aluminum coated Mylar film, such that no path exists above or below the percolation area for current to flow. The purple rectangles depict the acrylic fasteners, each with two holes for screws. Below the fasteners are brass rods depicted in orange.
After the base has been adhered to both paper and conductive sheet, the laser is used to trim the aluminum coated Mylar film. To cut the Mylar film, a speed of 100% (appx. 0.5 m/s) and a power of 40% (i.e. 40 Watts) is used. This eliminates any possible path above or below the percolation area for current to flow. Next, acrylic fasteners held by two screws each are placed atop two brass rods. The brass rods surround each area across which a voltage is applied, and current is measured.
Results
A representative plot of the resistance across the percolation sheet measured over time is given in Figure 3 . Initially, the resistance for both sheets is finite (typically ∼ 3Ω), indicating that there is a path for current to flow across. When the percolation threshold is reached, current may no longer flow across the sheet and the resistance becomes infinite, and thus any measured values are noise. This point where the percolation threshold has been reached is at approximately 150 s in Figure 3 . As can be seen, the resistance of the area where the triangular pores are cut, and where the equivalent area is removed, increase with cuts until the percolation threshold is met. Percolation thresholds were also theoretically predicted using MATLAB simulations. Comparisons of the experimental and theoretical percolation thresholds are plotted in Figure 4 . For each aspect ratio, one hundred simulations were performed. The percolation threshold given for each aspect ratio is the mean across these simulations. The standard deviation of across the simulations is also given in Figure 4 .
It is believed that experimental error is mainly affected by the areas of the triangles. To test this, simulations using different sized triangles were performed, and the error to previously published percolation thresholds of elliptical and rectangular pores published previously 5, 6 were compared. The three sizes of triangles used had an area of 11.1613 mm 2 , 1.2903 mm 2 , and 2.5161 mm 2 . For ease, these sizes are referred to as size A, size B, and size C, respectively. The standard deviations of size B are significantly smaller than that of size A. Theoretical percolation thresholds for these three sizes are given in Table 1 . These results show that smaller triangles do indeed result in less error. Additionally, the trend gath-
FIG. 4:
The percolation threshold experimentally recorded and theoretically predicted given the aspect ratio of the triangular pores. Theoretical percolation thresholds were predicted with MATLAB, and shown in blue, whereas the experimentally measured percolation thresholds are given in red. For each aspect ratio, a hundred simulations were performed, and the mean and standard deviation of the percolation threshold were determined.
ered through the theoretical and the experimental runs follow the similar exponential relationships. With additional data, it is expected that the relationship could be established to be identical.
Discussion
The exponential relationship observed between aspect ratio and percolation threshold has been previously observed with elliptical pores 5 , so it is expected that additional data and analysis could render a definitive formula relating geometric features to the percolation threshold across a network, percolated with multiple shapes. This may relate to a probability of possible length cut across the primary orthogonal directions of a sample. Shapes with high aspect ratios tend to be like circles or oriented squares in that they provide a relatively consistent length to be removed in these primary directions, whereas shapes with low aspect ratios tend to behave more like line segments when percolating across a network.
Possible error, apart from error resulting from different sized triangles as previously mentioned, may have originated from various different sources. First, the random nature of the system introduced some error; truly random values were not utilized, but instead evenly distributed pseudorandom values generated by MATLAB. The kerf size of the laser cut introduced additional error in experimental data. The kerf of the laser varied with different geometric figures, and therefore the area removed by the kerf cut was not properly determined per aspect ratio. Lastly, contact resistance between the Mylar film and the baseplate due to surface imperfections and contaminants likely introduced some error: the initial resistances across samples were not consistent, indicating that contact resistance may have been significant. To prevent this in the future, alternative methods for measuring sheet resistance, such as a four-point probe, could be utilized to measure the sheet resistance across the striped area of the sample.
Conclusion
The percolation threshold was shown to have an exponential relationship with the aspect ratio of the triangular pores. Further work should be done to establish a concrete formula depicting the exponential relationship between the percolation threshold and various geometries. This geometric difference is likely what causes the variations in the relationships between the percolation thresholds and aspect ratios for varying shapes. Future geometric exploration could be to double these triangles with varying aspect ratios, e.g. double an equilateral triangle into an equilateral rhombus, in order to better define the exponential relationship across various shapes.
